Introduction
A symplectic variety X is a normal algebraic variety (defined over C) which admits an everywhere non-degenerate d-closed 2-form ω on the regular locus X reg of X such that, for any resolution f :X → X with f −1 (X reg ) ∼ = X reg , the 2-form ω extends to a regular closed 2-form onX (cf. [Be] ). There is a natural Poisson structure { , } on X determined by ω. Then we can introduce the notion of a Poisson deformation of (X, { , }). A Poisson deformation is a deformation of the pair of X itself and the Poisson structure on it. When X is not a complete variety, the usual deformation theory does not work in general because the tangent object T 1 X may possibly have infinite dimension. On the other hand, Poisson deformations work very well in many important cases where X is not a complete variety. Denote by PD X the Poisson deformation functor of a symplectic variety (cf. §1). In this paper, we shall study the Poisson deformation of an affine symplectic variety. The main result is:
Theorem (4.1). Let X be an affine symplectic variety. Then the Poisson deformation functor PD X is unobstructed.
A Poisson deformation of X is controlled by the Poisson cohomology HP 2 (X) (cf. [G-K] , [Na 2]). When X has only terminal singularities, we have HP 2 (X) ∼ = H 2 ((X reg ) an , C), where (X reg ) an is the associated complex space with X reg . This description enables us to prove that PD X is unobstructed ([Na 2], Corollary 15). But, in general, there is not such a direct, topological description of HP 2 (X). Let us explain our strategy to describe HP 2 (X). As remarked, HP 2 (X) is identified with PD X (C[ǫ]) where C[ǫ] is the ring of dual numbers over C. First, note that there is an open locus U of X where X is smooth, or is locally a trivial deformation of a (surface) rational double point at each p ∈ U. Let Σ be the singular locus of U. Note that X \ U has codimension ≥ 4 in X (cf. U an corresponds to a 1-st order deformation of U an . In §1, we shall construct a locally constant sheaf H of C-modules as a subsheaf of T 1 U an . The sheaf H is intrinsically characterized as the sheaf of germs of sections of T 1 U an which come from Poisson deformations of U an (cf. Lemma (1.5)). Now we have an exact sequence (cf. (1.7), Proposition (1.8)):
Here the first term H 2 (U an , C) is the space of locally trivial 1 Poisson deformations of U. By the definition of U, there exists a minimal resolution π :Ũ → U. Let m be the number of irreducible components of the exceptional divisor of π. The main result of §3 is: Proposition (3.2). The following equality holds:
This proposition together with the above exact sequence gives an upperbound of dim PD U (C[ǫ]) in terms of some topological data of X (or U). In §4, we shall prove Theorem (4.1) by using this upper-bound. The rough idea is the following. There is a natural map of functors PDŨ → PD U induced by the resolution mapŨ → U. The tangent space PDŨ (C[ǫ] ) to PDŨ is identified with H 2 (Ũ an , C). We have an exact sequence
an * C) → 0, and dim H 0 (U an , R 2 π an * C) = m. In particular, we have dim H 2 (Ũ an , C) = dim H 2 (U an , C)+m. But, this implies that dim PDŨ (C[ǫ]) ≥ dim PD U (C[ǫ] ). On the other hand, the map PDŨ → PD U has finite closed fiber. Since PDŨ is unobstructed, this implies that PD U is unobstructed and dim PDŨ (C[ǫ]) = dim PD U (C[ǫ] ). Finally, we obtain the unobstructedness of PD X from that of PD U .
Theorem (4.1) is only concerned with the formal deformations of X; but, if we impose the following condition (*), then the formal universal Poisson deformation of X has an algebraization.
(*): X has a C * -action with positive weight with a unique fixed point 0 ∈ X. Moreover, ω is positively weighted for the action.
More explicitly, let R X be the pro-representable hull of PD X ; then, there is an affine space A d whose completion at the origin coincides with Spec(R X ) in such a way that the formal universal Poisson deformation over Spec(R X ) is algebraized to a C * -equivariant map
Now, by using the minimal model theory due to Birkar-Cascini-Hacon-McKernan [BCHM] , one can study the general fiber of X → A d . According to [BCHM] , we can take a crepant partial resolution π : Y → X in such a way that Y has only Q-factorial terminal singularities. This Y is called a Q-factorial terminalization of X. In our case, Y is a symplectic variety and the C * -action on X uniquely extends to that on Y . Since Y has only terminal singularities, it is relatively easy to show that the Poisson deformation functor PD Y is unobstructed. Moreover, the formal universal Poisson deformation of Y has an algebraization over an affine space A d :
There is a C * -equivariant commutative diagram
By Theorem (4.3), (a): ψ is a finite surjective map, (b) : Y → A d is a locally trivial deformation of Y , and (c): the induced map Y t → X ψ(t) is an isomorphism for a general point t ∈ A d . As an application of Theorem (4.3), we have Corollary (4.4): Let (X, ω) be an affine symplectic variety with the property (*). Then the following are equivalent.
(1) X has a crepant projective resolution. (2) X has a smoothing by a Poisson deformation.
Example (i) Let O ⊂ g be a nilpotent orbit of a complex simple Lie algebra. LetÕ be the normalization of the closureŌ of O in g. Then O is an affine symplectic variety with the Kostant-Kirillov 2-form ω on O. Let G be a complex algebraic group with Lie(G) = g. By [Fu] ,Õ has a crepant projective resolution if and only if O is a Richardson orbit (cf. [C-M] ) and there is a parabolic subgroup P of G such that its Springer map T * (G/P ) →Õ is birational. In this case, every crepant resolution ofÕ is actually obtained as a Springer map for some P . IfÕ has a crepant resolution,Õ has a smoothing by a Poisson deformation. The smoothing ofÕ is isomorphic to the affine variety G/L, where L is the Levi subgroup of P . Conversely, ifÕ has a smoothing by a Poisson deformation, then the smoothing always has this form.
(ii) In general,Õ has no crepant resolutions. But, by [Na 4], at least when g is a classical simple Lie algebra, every Q-factorial terminalization ofÕ is given by a generalized Springer map. More explicitly, there is a parabolic subalgebra p with Levi decomposition p = n⊕l and a nilpotent orbit O ′ in l so that the generalized Springer map G × P (n +Ō ′ ) →Õ is a crepant, birational map, and the normalization of G × P (n +Ō ′ ) is a Q-factorial terminalization ofÕ. By a Poisson deformation,Õ deforms to the normalization of G × LŌ′ . Here G × LŌ′ is a fiber bundle over G/L with a typical fiberŌ ′ , and its normalization can be written as G × LÕ′ with the normalizationÕ ′ ofŌ ′ .
1 Local system associated with a symplectic variety (1.1) A symplectic variety (X, ω) is a pair of a normal algebraic variety X defined over C and a symplectic 2-form ω on the regular part X reg of X such that, for any resolution µ :X → X, the 2-form ω on µ −1 (X reg ) extends to a closed regular 2-form onX. We also have a similar notion of a symplectic variety in the complex analytic category (eg. the germ of a normal complex space, a holomorphically convex, normal, complex space). For an algebraic variety X over C, we denote by X an the associated complex space. Note that if (X, ω) is a symplectic variety, then X an is naturally a symplectic variety in the complex analytic category. The symplectic 2-form ω defines a bivector Θ ∈ ∧ 2 Θ Xreg by the identification Ω 2 Xreg ∼ = ∧ 2 Θ Xreg by ω. Define a Poisson structure { , } on X reg by {f, g} := Θ(df ∧ dg). Since X is normal, the Poisson structure uniquely extends to a Poisson structure on X. Here, we recall the definition of a Poisson scheme or a Poisson complex space.
Definition. Let T be a scheme (resp. complex space). Let X be a scheme (resp. complex space) over T . Then (X, { , }) is a Poisson scheme (resp. a Poisson space) over T if { , } is an O T -linear map:
1. {a, {b, c}} + {b, {c, a}} + {c, {a, b}} = 0 2. {a, bc} = {a, b}c + {a, c}b.
Let (X, { , }) be a Poisson scheme (resp. Poisson space) over C. Let S be a local Artinian C-algebra with S/m S = C. Let T be the affine scheme (resp. complex space) whose coordinate ring is S. A Poisson deformation of (X, { , }) over S is a Poisson scheme (resp. Poisson complex space) over T : (X , { , } T ) such that X is flat over T , X × T Spec(C) ∼ = X, and the Poisson structure { , } T induces the original Poisson structure { , } over the closed fiber X. We define PD X (S) to be the set of equivalence classes of the pairs of Poisson deformations X of X over Spec(S) and Poisson isomorphisms φ : X × Spec(S) Spec(C) ∼ = X. Here (X , φ) and (X ′ , φ ′ ) are equivalent if there is a Poisson isomorphism ϕ : X ∼ = X ′ over Spec(S) which induces the identity map of X over Spec(C) via φ and φ ′ . We define the Poisson deformation functor:
from the category of local Artin C-algebras with residue field C to the category of sets. Let C[ǫ] be the ring of dual numbers over C. Then PD X (C[ǫ]) has a structure of the C-vector space, and it is called the tangent space of PD X . For details on Poisson deformations, see [G-K] , [Na 2].
(1.2) Let (S, 0) be the germ of a rational double point of dimension 2. More explicitly,
according as S is of type A r , D r (r ≥ 4) E 6 , E 7 or E 8 . We put
Then ω S is a symplectic 2-form on S − {0} and (S, 0) becomes a symplectic variety. Let us denote by ω C 2m the canonical symplectic form on C 2m :
Let (X, ω) be a symplectic variety of dimension 2n whose singularities are (analytically) locally isomorphic to (S, 0) × (C 2n−2 , 0). Let Σ be the singular locus of X. 
Lemma
Proof. Let ω 1 be an arbitrary symplectic 2-form on the regular locus of (S, 0) × (C 2n−2 , 0). On the other hand, we put
The singularity (S, 0) can be written as (C 2 , 0)/G with a finite subgroup G ⊂ SL(2, C). Let π : (C 2 , 0) → (S, 0) be the quotient map. The finite group G acts on (S, 0) × (C 2n−2 , 0) in such a way that it acts on the second factor trivially. Then one has the quotient map
We putω
arguments is due to [Mo] . Let (x, y) be the coordinates of (C 2 , 0) and let (s 1 , ..., s n−1 , t 1 , ..., t n−1 ) be the coordinates of (C 2n−2 , 0). The symplectic 2-formsω 0 andω 1 restrict respectively to give 2-formsω 0 (0) andω 1 (0) on the tangent space T C 2n ,0 at the origin 0 ∈ C 2n . By the definition ofω 0 ,
with some a ∈ C * . Next writeω 1 (0) by using dx, dy, ds i and dt j . We may assume that G contains a diagonal matrix
where ζ is a primitive l-th root of unity with some l > 1. Sinceω 1 is G-invariant,ω 1 (0) does not contain the terms dx ∧ ds i , dx ∧ dt j , dy ∧ ds i or dy ∧ dt j . One can choose a scalar multiplication c : (
Note thatω
We put u := dω(τ )/dτ.
Since S×C 2n−2 has only quotient singularities, the complex ((π×id)
where L Xτ ω(τ ) is the Lie derivative of ω(τ ) along X τ . If we take a sufficiently small open subset V of 0 ∈ C 2n , then the vector fields
Since all ϕ τ fix the origin and X τ are all G-invariant, ϕ τ induce G-equivariant automorphisms of (C 2n , 0). By the definition of X τ , we have (ϕ τ ) * ω(τ ) = ω(0). In particular, (ϕ 1 ) * ω 2 =ω 0 . We put
We choose a partial open covering {U α } of X an in such a way that each U α admits an open immersion φ α as in Lemma (1.3) and Σ ⊂ ∪U α . In the remainder, we call such a partial open covering {U α } admissible. Each U α is a symplectic variety; hence it becomes a Poisson variety. A 1-st order deformation of the analytic space U α is a flat map of analytic spaces U α → Spec C[ǫ] whose central fiber is U α . On the other hand, a 1-st order Poisson deformation of U α is the pair of a 1-st order deformation U α of U α and a Poisson structure on it (over C[ǫ]) extending the original Poisson structure on U α .
(1.4) Let (X, ω) be the same as above. Denote by T 1 X an the analytic coherent sheaf Ext
Lemma (1.5) {H α } can be glued together to give a locally constant Cmodule over Σ.
Proof. A global section of T 1 Uα corresponds to a 1-st order deformation of U α as a complex space. A global section of H α then corresponds to such a 1-st order deformation which comes from a Poisson deformation of (U α , ω| Uα ).
In fact, let U α → SpecC[ǫ] be a 1-st order Poisson deformation of U α . Let 0 ∈ U α be the point which corresponds to (0, 0) ∈ S × C 2n−2 via φ α . By applying the following Lemma (1.6) toÔ Uα,0 andÔ Uα,0 , we conclude that
, where S is a 1-st order deformation of S (cf. [Ar] , Theorem 1.5, (i)). Conversely, a 1-st order deformation of this form always becomes a Poisson deformation of U α . It is clear that {H α } are glued together by this intrinsic description of a global section of H α . Q.E.D.
Lemma (1.6). Let A be a complete Poisson local algebra over C[ǫ] and regardĀ := A ⊗ C[ǫ] C as a complete Poisson local algebra over C. Assume thatJ ⊂Ā is a prime Poisson ideal such thatĀ/J is a regular complete algebra with a non-degenerate Poisson structure. Then there are a complete local Poisson algebraB over C and a Poisson isomorphism over C:
Moreover, there is a complete local Poisson algebra
B over C[ǫ] such thatB ∼ = B ⊗ C[ǫ] C and
the Poisson isomorphism above lifts to a Poisson isomorphism over C[ǫ]:
A ∼ = B⊗ C (Ā/J).
Proof. This is a modified version of [Ka 1], Proposition 3.3. A key point of the proof is the constructions of an embeddingĀ/J →Ā of Poisson C-algebras and its liftingĀ/J → A. The proof uses an induction on the dimension 2d := dimĀ/J as in [ibid, Proposition 3.3] . When d = 1, one has A/J = C[[x 1 , y 1 ]] and its Poisson structure is induced by the symplectic form dx 1 ∧ dy 1 . As in [ibid], x 1 and y 1 are lifted tof ,ḡ ∈Ā in such a way that {f,ḡ} = 1. In this part, we have used Lemma 3.2 of [ibid]. But, a similar argument enables us to liftf ,ḡ further to f , g ∈ A so that {f, g} = 1.
(1.7) In the above, we only considered a symplectic variety whose singularities are locally isomorphic to (S, 0) × (C 2n−2 , 0). From now on, we will treat a general symplectic variety (X, ω). Let U ⊂ X be the locus where X is smooth, or is locally a trivial deformation of a (surface) rational double point. Put Σ := Sing(U). As an open set of X, U naturally becomes a Poisson scheme. Since X \ U has codimension at least 4 in X ([Ka 1]), one can prove in the same way as [Na 2, Proposition 13] that
Let PD lt,U be the locally trivial Poisson deformation functor of U. More exactly, PD lt,U is the subfunctor of P D U corresponding to the Poisson deformations of U which is locally trivial as a flat deformation of U an (after forgetting Poisson structure). We shall insert a lemma here, which will be used in the proof of Proposition (1.10).
Lemma (1.8) Let X be an affine symplectic variety let j : X reg → X be the open immersion of the regular part X reg into X. Then
Proof. The 2-nd cohomology H 2 (Γ(X reg , ∧ ≥1 Θ Xreg )) describes the equivalence classes of the extension of the Poisson structure { , } on X reg to that on
Then this bracket is a Poisson bracket if and only if δ(ψ) = 0. On the other hand, an element θ ∈ Γ(X reg , Θ Xreg ) corresponds to an automorphism ϕ θ of X reg × SpecC[ǫ] over SpecC [ǫ] which restricts to give the identity map of the closed fiber X reg . Let { , } ǫ and { , } ′ ǫ be the Poisson structures determined respectively by ψ ∈ Γ(X reg , ∧ 2 Θ Xreg ) and ψ ′ ∈ Γ(X reg , ∧ 2 Θ Xreg ). Then the two Poisson structures are equivalent under ϕ θ if and only if φ − φ ′ = δ(θ). For an affine variety X, a locally trivial infinitesimal deformation is nothing but a trivial infinitesimal deformation because H 1 (X, Θ X ) = 0. The original Poisson structure on X restricts to give a Poisson structure on X reg . As seen above, its extension to
Remark (1.9). By the same argument as [Na 2], Proposition 8, one can prove that, for a (non-affine) symplectic variety X,
where H 2 is the 2-nd hypercohomology.
Let us return to the original situation in (1.7). Let H ⊂ T 1 U an be the local constant C-modules over Σ. We have an exact sequence of C-vector spaces:
The following proposition shows that the tangent space of the Poisson deformation functor of an affine symplectic variety is finite dimensional. Proposition (1.10). Assume that X is an affine symplectic variety. Then
Proof. Let U 0 be the smooth part of U and let j :
By the symplectic form ω, the complex (
[Na 2, Proposition 9]). The latter complex is the trun-
We have an exact sequence
Since X is a symplectic variety, X is Cohen-Macaulay. Moreover, X is affine and X \ U has codimension ≥ 4 in X. Thus, by the depth argument, we see that
On the other hand, by the Grothendieck's theorem [Gr] 2 for V -manifolds, we have
. Now the result follows from the exact sequence above. Q.E.D.
2 The V-manifold case is reduced to the smooth case as follows. Let W be an algebraic variety with quotient singularities (V-manifold). One can cover W by finite affine open subsets
with a smooth variety V i and a finite group G i . It can be checked that, for each intersection U i0,...,ip := U i0 ∩ ... ∩ U ip , the Grothendieck's theorem holds. Now one has the Grothendieck's theorem for W by comparing two spectral sequences
2 Pro-representability of the Poisson deformation functors
Let (X, { , }) be a Poisson scheme. It is easy to see that PD (X,{ , }) satisfies the Schlessinger's conditions ( [Sch] 
In this section, we shall prove that, in many important cases, PD (X,{ , }) has a pro-representable hull R X , and it is actually pro-representable, i.e. Hom(R X , ·) ∼ = PD (X,{ , }) (·). Let X be a Poisson scheme over a local Artinian base T and let X be the central closed fiber. Let G X /T be the sheaf of automorphisms of X /T . More exactly, it is a sheaf on X which associates to each open set U ⊂ X, the set of the automorphisms of the usual scheme X | U over T which induce the identity map on the central fiber U = X| U . Moreover, let P G X /T be the sheaf of Poisson automorphisms of X /T as a subsheaf of G X /T . In order to show that PD (X,{ , }) is pro-representable, it is enough to prove that H 0 (X, P G X /T ) → H 0 (X, P GX /T ) is surjective for any closed subschemeT ⊂ T andX := X × TT . Assume that X is smooth over T . We denote by Θ X /T the relative tangent sheaf for X → T . Consider the Lichnerowicz-Poisson complex (cf. [Na 2, Section 2])
and define P Θ X /T := Ker(δ 1 ). We denote by Θ 0 X /T (resp. P Θ 0 X /T ) the subsheaf of Θ X /T (resp. P Θ 0 X /T ) which consists of the sections vanishing on the central closed fiber.
Proposition (2.1)(Wavrik):
There is an isomorphism of sheaves of sets
Moreover, α induces an injection
By using the property ϕ(f g) = f ϕ(g) + ϕ(f )g, one can check that α(ϕ) is an automorphism of X /T inducing the identity map on the central fiber. If ϕ is a local section of P Θ 0 X /T , then ϕ satisfies ϕ({f, g}) = {f, ϕ(g)} + {ϕ(f ), g}.
By this property, one sees that α(ϕ) becomes a Poisson automorphism of X /T . For the bijectivity of α, see [Wav] .
Proposition (2.2).
In Proposition (2.1), if X is a Poisson deformation of a smooth symplectic variety (X, ω), then α induces an isomorphism
Proof. We only have to prove that the map is surjective. We may assume that X is affine. Let S be the Artinian local ring with T = Spec(S) and let m be the maximal ideal of S. Put T n := Spec(S/m n+1 ). The sequence
terminates at some k and T k = T . We put X n := X × T T n . Let φ be a section of P G X /T . One can write
with ϕ 1 ∈ m · P Θ X . By the next lemma, ϕ 1 lifts to someφ 1 ∈ P Θ X /T . Then one can write
with ϕ 2 ∈ m 2 · P Θ X . Again, by the lemma, ϕ 2 lifts to someφ 2 ∈ P Θ X /T . Continue this operation and we finally conclude that
Lemma (2.3). Let X → T be a Poisson deformation of a smooth symplectic variety (X, ω) over a local Artinian base T . LetT ⊂ T be a closed subscheme and putX := X × TT . Then the restriction map
Proof. We may assume that X is affine. The Lichnerowicz-Poisson complex (∧ ≥1 Θ X /T , δ) is identified with the truncated de Rham complex (Ω
, and it induces an exact sequence
In particular, we have an exaxt sequence
where
Similarly forX , we have an exact sequence
Since the restriction maps K →K and H 0 (X an , S) → H 0 (X an ,S) are both surjective, the restriction map HP 1 (X /T ) → HP 1 (X /T ) is surjective. Finally, note that HP 1 (X /T ) = H 0 (X, P Θ X /T ) and HP 1 (X /T ) = H 0 (X, P ΘX /T ).
Proposition (2.4).
In the same assumption in Lemma (2.3), if the restriction map
is surjective, then the restriction map
is surjective.
Proof. If the map
is surjective. Then the result follows from Proposition (2.2).
Corollary (2.5). The Poisson deformation functor P D (X,{ , }) for a symplectic variety (X, ω), is pro-representable in the following two cases:
(1) X is convex (i.e. X has a birational projective morphism to an affine variety), and admits only terminal singularities.
(2) X is affine, and H 1 (X an , C) = 0.
Proof. First, we must show that dim PD (X,{ , }) (C[ǫ]) < ∞. Let U be the smooth part of X. In the case (1), we have
) is a finite dimensional C-vector space. For the case (2), the finiteness is proved in Proposition (1.10). Assume that X → T is a Poisson deformation of X with a local Artinian base. LetT be a closed subscheme of T and letX →T be the induced Poisson deformation of X over T . Let U ⊂ X (resp.Ū ⊂X ) be the open locus where the map X → T (resp. X →T ) is smooth. Let j be the inclusion map of U to X . Since j * O U = O X , a Poisson automorphism of U (which induces the identity on the closed fiber) uniquely extends to that of X . Therefore, we have an isomorphism
Similarly, we have
By Proposition (2.4), it suffices to show that the restriction map
is surjective. For the case (1), we have already proved the surjectivity in [Na 2], Theorem 14. Let us consider the case (2) . Note that 
where S is the affine ring of T , and
it suffices to show that H 1 (U an , C) = 0. Let f :X → X be a resolution of X such that f −1 (U) ∼ = U and the exceptional locus E of f is a divisor with only simple normal crossing. One has the exact sequence
where the first term is zero because X has only rational singularities and
(E an , C) with compact support (cf. the proof of Proposition 2 of [Na 3]). Let E = ∪E i be the irreducible decomposition of E. The p-multiple locus of E is, by definition, the locus of points of E which are contained in the intersection of some p different irreducible components of E. Let E [p] be the normalization of the p-multiple locus of E. For example, E
[1] is the disjoint union of E i 's, and E [2] is the normalization of the singular locus of E. There is an exact sequence
By using this exact sequence, we see that H 2n−2 c
(E an , C) is a C-vector space whose dimension equals the number of irreducble components of E. By the duality, we have
andS is the affine ring ofT . Since the restriction maps
is surjective; hence the map K →K is also surjective. Q.E.D.
Remark (2.6).
The results in this section equally hold in the complex analytic category. For example, let (X, p) be the germ of a symplectic variety X at p ∈ X, and let f : (Y, E) → (X, p) be a crepant, projective partial resolution of (X, p) where E = f −1 (p). Assume that Y has only terminal singularities. Then (2.5) holds for (X, p) and (Y, E).
3 Global sections of the local system (3.1). As in (1.2)-(1.5), we shall consider a symplectic variety (X, ω) whose singularities are locally isomorphic to (S, 0) × (C 2n−2 , 0). We use the same notation in section 1. Let π : Y → X be the minimal resolution. By definition, π is locally a product of the minimal resolutionS → S and the 2n − 2 dimensional disc ∆ 2n−2 . If S is of type A r , D r or E r , then, for each p ∈ Σ, the fiber π −1 (p) has r irreducible components and each of them is isomorphic to P 1 . Let E be the π-exceptional locus and let m be the number of irreducible components of E. We have m ≤ r; but m = r in general. The local system R 2 π * C on Σ may possiblly have monodromies. Let γ be a closed loop in Σ starting from p ∈ Σ. Then we have a monodromy transformation along γ:
Since Finally, let us consider the (E 6 )-case.
The diagram has an automorphism σ 3 of order 2, which sends the 1-st vertex to the 6-th one and the 2-nd one to the 5-th one. There are two possibilities for m m = 6, or 4.
Since there are no symmetries for the diagrams of type (E 7 ), (E 8 ), we conclude that m = r in these cases. The following is the main result in this section.
Proposition (3.2).
The following equality holds:
Proof. (i) Let γ be a closed loop in Σ starting from p ∈ Σ. We shall first describe the "monodromy" of H along γ. In order to do this, we take a sequence of admissible open covers of X an :
be the symplectic open immersion associated with the admissible open subset U i . An element of H p i uniquely extends to a section of H over U i . Since p i−1 ∈ U i , this section restricts to give an element of H p i−1 . In this way, we have an identification m i :
for each i. The monodromy transformation m γ is the composite of m i 's:
One can describe each m i in terms of certain symplectic isomorphisms as explained below. Since U i contains p i , the germ (X an , p i ) is identified with (S ×C 2n−2 , φ i (p i )) by φ i . On the other hand, since U i contains p i−1 , the germ (X an , p i−1 ) is identified with (S ×C 2n−2 , φ i (p i−1 )). Note that φ i (p i ) = (0, * ) ∈ S × C 2n−2 and φ i (p i−1 ) = (0, * * ) ∈ S × C 2n−2 for some points * , * * ∈ C 2n−2 because p i , p i−1 ∈ γ. Denote by σ i : C 2n−2 → C 2n−2 the translation map such that σ i ( * ) = * * . Then, by the automorphism id × σ i of S × C 2n−2 , two germs (S ×C 2n−2 , φ i (p i )) and (S ×C 2n−2 , φ i (p i−1 )) are identified. As a consequence, two germs (X an , p i−1 ) and (X an , p i ) have been identified. By definition, this identification preserves the natural symplectic forms on (X an , p i−1 ) and (X an , p i ). The symplectic isomorphism (
It is easy to see that this isomorphism coincides with m i defined above. Now the sequence of identifications
The map i γ induces an automorphism of H p , which is nothing but the monodromy transformation m γ of H along γ. Identify (X an , p) with (S, 0) × (C 2n−2 , 0) in such a way that ω corresponds to p * 1 ω S +p * 2 ω C 2n−2 . By this identification, i γ induces a symplectic automorphism of (S, 0) × (C 2n−2 , 0). We denote by this map the same i γ . Now H p can be identified with (p
We shall next describe the monodromy transformation of R 2 π * C along γ. For each open set V ⊂ X an , we associate the C-vector space which consists of all 1-st order Poisson deformations of π −1 (V ). The sheaf determined by this presheaf is isomorphic to
The sequence of them finally defines a symplectic automorphism
The mapĩ γ induces an automorphism of (R 2 π * C) p , which is nothing but the monodromy transformation of R 2 π * C along γ. The identification (X an , p) ∼ = (S, 0) × (C 2n−2 , 0) naturally lifts to the identification of (Y an , π −1 (p)) with (S, F ) × (C 2n−2 , 0). Then, (R 2 π * C) p can be identified with H 2 (S, C).
(ii) We shall construct the universal Poisson deformations of (S, 0) × (C 2n−2 , 0) and (S, F )×(C 2n−2 , 0). Let us first construct the universal Poisson deformations of (S, 0) and (S, F ). Let g be the complex simple Lie algebra of the same type as S. Fix a Cartan subalgebra h of g and consider the adjoint quotient map g → h/W , where W is the Weyl group of g. By [Slo] , a transversal slice S of g at the semi-regular nilpotent orbit gives the semiuiversal flat deformation S → h/W of S (at 0 ∈ h/W ). Let g reg be the open set of g where this map is smooth. Then g reg → h/W admits a relative symplectic 2-form called the Kostant-Kirillov 2-form. Let S reg be the open subset of S where the map S → h/W is smooth. The Kostant-Kirillov 2-form on g reg restricts to give a relative symplectic 2-form on S reg ; hence makes the map S → h/W a Poisson deformation of S. This Poisson deformation is universal at 0 ∈ h/W . In fact, there is an exact sequence (cf. the latter part of §1 after (1.7))
For the definitions of PD and PD lt , see (1.1) and (1.7). By Proposition (1.10), we have
is an isomorphism. Since S → h/W is a semi-universal flat deformation of S, the Kodaira-Spencer map T h/W,0 → T 1 S is an isomorphism. The KodairaSpencer map factorizes as
) is an isomorphism. This fact together with (2.6) implies the universality of the Poisson deformation. The base change S × h/W h → h has a simultaneous resolution f :S → h, which is a Poisson deformation ofS. By [Slo] , it is semi-universal as a usual flat deformation ofS. Therefore, the Kodaira-Spencer map T h,0 → H 1 (S, ΘS) is an isomorphism. Moreover, this map factorizes as
, where the map T h,0 → H 2 (S, C) is the Poisson Kodaira-Spencer map. By the symplectic 2-form, ΘS and Ω 1 S are identified. Then, the map
is an isomorphism. This fact together with (2.6) implies that f :S → h is the universal Poisson deformation ofS. Let us now consider the Poisson deformations of (S,
of the Poisson deformation functor is isomorphic to
is the universal Poisson deformation of (S, F )×(C 2n−2 , 0) at 0 ∈ h. Moreover, by Lemma (1.6), the map
is the universal Poisson deformation of S × (C 2n−2 , 0) at 0 ∈ h/W . Note that the tangent spaces T h,0 and T h/W,0 are identified respectively with H 2 (S, C) and
we have a commutative diagram of functors
For simplicity, we put V :
On the other hand, the automorphism (ĩ γ ) * of the functor PD V induces an automorphism ι γ : (h, 0) → (h, 0). Let dι γ : T h,0 → T h,0 be its tangential map. If we identify T h,0 with H 2 (S, C), then we have dι γ =ĩ γ * . By (i), the mapĩ γ * is the monodromy transformation of R 2 π * C along γ. We shall prove that ι γ comes from a linear automorphism of h; in other words, ι γ coincides with the linear map dι γ under the natural identification h ∼ = T h,0 . By the identification This observation shows that the germ automorphism ι γ restricts to give the same map as the linear transformationĩ γ * on R. Finally, since R is dense in h, we conclude that ι γ coincides withĩ γ * .
Let Φ be the root system for (g, h) and let Γ be the group of graph automorphisms of the Dynkin diagram. The Weyl group W is a normal subgroup of Aut(Φ) and Aut(Φ) is the semi-direct product of W and Γ. Note that the automorphism dι γ of h comes from an element of Γ. The quotient space h/W is an affine space; hence it has a linear structure. By [Slo, 8.8, Lemma 1] , the map dι γ descends to a linear automorphismῑ γ of h/W . This mapῑ γ is the monodromy transformation of H p .
(iv) The sheaf R 2 π * C is a local system of the C-module h, and H is a local system of the C-module h/W . Their monodromies along γ are given by dι γ andῑ γ respectively. Assume that S is of type A r , D r or E r . When m = r, the sheaf R 2 π * C has a trivial monodromy along any γ. In this case, we have dι γ = id; henceῑ γ = id. The problem is when m < r. In this case, there is a loop γ such that dι γ comes from one of the graph automorphisms listed in (3.1). Assume that dim h dιγ = m, where h dιγ is the invariant part of h under dι γ . By the argument in [Slo, 8.8 
By using Proposition (3.2), one can give another proof to [Na 1], Corollary (1.10):
Corollary (3.3). Let (X, ω) be a projective symplectic variety. Let U ⊂ X be the locus where X is locally a trivial deformation of a (surface) rational double point at each p ∈ U. Let π :Ũ → U be the minimal resolution and let m be the number of irreducible components of Exc(π).
Proof By Lemma (1.5) we obtain a local system H of C-modules as a subsheaf of T 1 U . Put Σ := Sing(U). We have an isomorphism:
Since Σ can be compactified to a proper normal varietyΣ such thatΣ − Σ has codimension ≥ 2, h 0 (O Σ ) = 1. Q.E.D.
Main Results
Theorem (4.1). Let X be an affine symplectic variety. Then PD X is unobstructed.
Proof. (i) Let U be the same as (1.7). Let π :Ũ → U be the minimal resolution. By the depth argument, one has H i (U, O U ) = 0 for i = 1, 2. Since U has only rational singularities, H i (Ũ , OŨ ) = 0 for i = 1, 2. The resolutioñ U is a smooth symplectic variety and PDŨ (C[ǫ] 
). In fact, since R 1 π * OŨ = 0 and π * OŨ = O U , a first order deformationŨ (without Poisson structure) ofŨ induces a first order deformation U of U (cf. [Wa] ). Let U 0 be the locus where U → Spec(C[ǫ]) is smooth. SinceŨ → U is an isomorphism above U 0 , the Poisson structure ofŨ induces that of U 0 . Since the Poisson structure of U 0 uniquely extends to that of U, U becomes a Poisson scheme over Spec (C[ǫ] ). This is the desired map. In the same way, one has a morphism of functors:
Note that PDŨ (resp. PD U ) has a pro-representable hull RŨ (resp. R U ). Then π * induces a local homomorphism of complete local rings:
We now obtain a commutative diagram of exact sequences:
(ii) Let E i (i = 1, ..., m) be the irreducible components of Exc(π).
On the other hand, by Proposition (3.2), h
As a consequence, we have
(iii) We shall prove that the morphism π * : PDŨ → PD U has a finite fiber. More exactly, Spec(RŨ ) → Spec(R U ) has a finite closed fiber. Let RŨ → C [[t] ] be a homomorphism of local C-algebras such that the composition map
We have a family of morphisms {π n } n≥1 :
Since U is locally a trivial deformation of rational double point, U n should coincide with minimal resolutions (i.e.Ũ × SpecC[t]/(t n+1 )), and the Poisson structures ofŨ n are uniquely determined by those of U n . This implies that the given map RŨ → C [[t] ] factors through RŨ /mŨ .
(iv) Since the tangent space of PDŨ is controlled by H 2 (U an , C), it has the T 1 -lifting property; hence PDŨ is unobstructed.
(v) By (ii), (iii) and (iv), PD U is unobstructed and dim
. Let X n be a Poisson deformation of X over T n . Define PD(X n /T n , T n [ǫ]) to be the set of equivalence classes of the Poisson deformations of X n over T n [ǫ] . The X n induces a Poisson deformation U n of U over T n . Define PD(U n /T n , T n [ǫ]) in a similar way. Then, by the same argument as [Na 2, Proposition 13], we have
Now, since PD U is unobstructed, PD U has the T 1 -lifting property. This equality shows that PD X also has the T 1 -lifting property. Therefore, PD X is unobstructed. Q.E.D.
Let X be an affine symplectic variety. Take Note that Y naturally becomes a symplectic variety. Let U ⊂ X be the open locus where, for each p ∈ U, the germ (X, p) is non-singular or the product of a surface rational double point and a non-singular variety. We putŨ := π −1 (U). Let V be the regular locus of Y . ThenŨ ⊂ V and the restriction map Let R X (resp. R U ) be the pro-representable hull of PD X (resp. PD U ). The restriction PD X → PD U induces a homomorphism of local C-algebras R U → R X . By Theorem (2.7), both local rings are regular and the homomorphism induces an isomorphism of the cotangent spaces; hence R U ∼ = R X . The birational map π : Y → X induces the map PD Y → PD X (cf. (i) of the proof of Theorem (4.1)). This map induces a homomorphism of local Calgebras π * : R X → R Y . By the identifications R U ∼ = R X and RŨ ∼ = R Y , this homomorphism is identified with R U → RŨ induced by the birational map U → U (cf. (i) of proof of Theorem (4.1)). By Theorem (4.1), dim R U = dim RŨ and the closed fiber of R U → RŨ is finite; hence dim R X = dim R Y and the closed fiber of π * : R X → R Y is finite.
Lemma (4.2)
. R Y is a finite R X -module.
Proof. In fact, let m be the maximal ideal of R X . Since R Y /mR Y is finite over R X /m = C, we choose elements x 1 , ..., x l of R Y so that these give a generator of the C-vector space R Y /mR Y . We shall prove that x 1 , ..., 
If we put a i := lim a (n) i ∈ R X , then r = Σa i x i . Moreover, π * : R X → R Y is an injection. In fact, if not, then π * is factorized as R X → R X /I → R Y for a non-trivial ideal I; hence dim R Y ≤ dim R X /I + dim R Y /mR Y = dim R X /I < dim R X .
This contradicts the fact that dim R X = dim R Y .
We put R X,n := R X /m n and R Y,n := R Y /(m Y ) n . Since PD X and PD Y are both pro-representable, there is a commutative diagram of formal universal deformations of X and Y :
Algebraization: Let us assume that an affine symplectic variety (X, ω) satisfies the following condition (*).
(*) (1) There is a C * -action on X with only positive weights and a unique fixed point 0 ∈ X.
(2) The symplectic form ω has positive weight l > 0.
By
Step 1 of Proposition (A.7) in [Na 2], the C * -action on X uniquely extends to the action on Y . These C * -actions induce those on R X and R Y . By Section 4 of [Na 2], R Y is isomorphic to the formal power series ring C[[y 1 , ..., y d ]] with wt(y i ) = l. Since R X ⊂ R Y , the C * -action on R X also has positive weights. We put A := limΓ(X n , O Xn ) and B := limΓ(Y n , O Yn ). Let A andB be the completions of A and B along the maximal ideals of them. Then one has the commutative diagram
Let S (resp. T ) be the C-subalgebra ofÂ (resp.B) generated by the eigen-vectors of the C * -action. On the other hand, the C-subalgebra of R Y generated by eigen-vectors, is nothing but C[y 1 , ..., y d ]. Let us consider the C-subalgebra of R X generated by eigen-vectors. By [Na 2], Lemma (A.2), it is generated by the eigen-vectors which is a basis of m X /(m X ) 2 . Since R X is regular of the same dimension of R Y , the subalgebra is a polynomial ring C[x 1 , ..., 
